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SIMMARY 


fll"  (21' 

Let  X  ®  (X  X  )'  be  a  (p  ♦  q) -variate  random  vector 
(p  i  1,  q  i  1)  with  EX  «  0  and  EXX-*  *  £  >  0.  Partition  £  into  p- 
and  q-  rows  and  columns  such  that  E(X^X^  )  *  j  »  1,  2). 

**  “l) 

Let  Xj,  X^  be  the  nonzero  characteristic  roots  of  J”*  J12  J21 

Where  s  is  the  rank  of  Based  on  these  roots,  a  class  of  genera¬ 

lized  correlation  coefficients  between  and  are  obtained. 

Some  optimal  properties  of  a  generalized  correlation  coefficient  in 
the  class  are  presented.  Among  various  special  cases,  two  information 

number  related  coefficients  are  derived.  However,  an  attractive  genera- 

P  2 

lized  correlation  coefficient  is  given  by  pw  «  1  -  n  (1  -  Xf)  which 

i«l  1 

is  derived  from  the  vector  coefficient  of  alienation.  A  justification 
for  the  use  of  is  also  included. 

*The  work  was  supported  by  the  Army,  Navy  and  Air  Force  under  Office  of 
Naval  Research  Contract  No.  N00014-80-C-0093.  Reproduction  in  whole  or 
in  part  is  permitted  for  any  purpose  of  the  United  States  Government. 

AMS  1970  subject  classifications:  Primary  62H20 

Km  Words  and  Phrases:  Canonical  correlation;  Coefficient  of  alienation; 
Information  mOSer,  Invariant  with  respect  to  a  linear  transformation; 
Measure  of  association. 


1.  INTRODUCTION 


Let  £  be  a  (p  ♦  q) -variate  random  vector  (p  i  I,  q  i  I)  with 
mean  vector  )»  and  covariance  matrix  £.  Partition 

,r(»l 

and  n 


,«) 


.(2) 


into  P~  and  q-  component  subvectors  respectively.  Assume,  without 
loss  of  generality,  that  p  s  q.  Define 

1 


E(xU)  .  Mtt))aO) 


U(j))%  i  -  1,  2. 


Then  £  can  be  partitioned  intp  p-  and  q-  rows  and  columns  as 

I  l 

II  12 

l  l 

21  22' 


(1.1) 


In  this  paper  we  will  give  a  class  of  generalized  correlation 
coefficients  as  a  measure  of  association  between  and  . 

In  particular,  we  will  propose  a  generalized  correlation  with  desirable 

optimal  properties.  For  the  convenience  of  presentation,  it  will  be 

assumed  that  mis  positive  definite  throughout  the  study.  However, 

if(^.is  positive  semidefinite  the  results  will  remain  true  with^J^J  -fr-l 


replaced  by  the  Moore-Penrose  generalized  inverse  jf\,  i  *  1,  2. 

- -  •  ^  C  a. 

For  the  case  of  two  random  variables^X^  andJC^  (say),  i.e.,  ' l-*1'  ' 

p  ■  q  ■  1,  most  frequently  used  correlations  between  Xj  and  X2,  such 
as  the  Pearson  product -moment  correlation  and  the  Spearman  rank  corre¬ 
lation,  are  invariant  with  respect  to  location  and  scale  changes.  It 


-  1 


K 
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•mw  rtuonabli  than  to  restrict  our  attention  to  those  Measures 
of  association  between  and  which  are  invariant  with  res¬ 
pect  to  a  location  change  and  a  nonsingular  linear  transfomation. 
More  specifically,  let  be  a  p  *  1  vector  and  be  a  q  *  1 
vector,  and  let  B  be  a  p  *  p  nonsingular  natrix  and  C  be  a  q  *  q 
nonsingular  matrix.  Then  consider  the  transformation  on  and 
s(2)  given  by 


S«>  -  BS(1)  .  4«> 

*<»*<,<*>.  4® 

The  above  transformation  induces  a  transformation  on  the  parameter 
space  (Jd,  I)  given  by 


U 

)i 


(1)  + 

m°»  ♦  4(1) 

«► 

ce(2)  .  4(2) 

^11 

-  BZUB- 

^12 

*  “Il2c' 

^22 

*  C^22C* 

(1.2) 


Thus,  in  the  following  section,  we  will  characterize  a  class  of 
measures  of  association  between  and  which  are  invariant 
with  respect  to  the  transformation  given  by  (1.2).  Desirable  pro¬ 
perties  for  these  measures  will  be  studied.  In  Section  3,  two  mea¬ 
sures  of  association  will  be  obtained  from  the  Kullback  and  Matsusita 
information  numbers.  Finally,  in  Section  4  a  special  measure,  a 
generalized  correlation,  will  be  proposed  and  its  justification  made. 


2.  A  CLASS  OF  MEASURES  OF  ASSOCIATION 

A  Measure  of  association  between  and  is  a  real  number 

between  0  and  1.  It  measures  a  certain  relationship  between 
(2) 

and  X  such  that  the  larger  the  measure  is  the  stronger  the  rela¬ 
tionship  will  be,  and  vice  versa.  Through  the  following  lemma  we 
will  see  that  the  nonzero  characteristic  roots  of  Ell  El2  ^22  ^21* 

2  *1  » j 

denoted  by  .  chjCjJj  ln  \22  J21),  i  •  1,  ...»  s,  play  an  impor¬ 
tant  role  in  defining  such  a  measure  of  association. 

7  2 

LEWA  1.  Let  X‘  i  ...  2  X#  >  0  be  the  nonzero  characteristic 

roots  of  I22  E22  where  8  is  the  ran*  of  Zi2*  T*ien  my  ^me~ 

tion  of  l)  which  is  invariant  with  respect  to  the  transformation 

2  2 

given  by  (1.2)  is  a  function  of  (X  ,  ....  X*). 

PROOF.  Let  f  be  such  a  function.  Choose  nonsingular  matrices 
B  and  C  in  (1.2)  such  that  B^jjB'  ■  Ip>  Cj22C*  *  *q  let  4^^  *  "®K 
and  »  -(*«>.  Then 

« e(1).  e(2).  r„.  i22.  z12) 

■  «2.  2.  y  y  >Iuc'> 

But  since  is  a  p  x  q  matrix  of  rank  s,  there  exists  an  ortho¬ 

gonal  matrix  Q  of  order  q  such  that 


-  4  - 

where  T  is  a  p  *  p  lower  triangular  matrix  of  rank  s  with  nonnega- 
tive  diagonal  elements  and  0  Is  »  p  «  (q  -  p)  matrix  of  zero.  It 
is  clear  that  T  is  a  function  of  TT'  *  •**<*  that  there 

exists  an  orthogonal  matrix  P  of  order  p  such  that 

PTTP'  -  A  ■  diag(6j,  ....  0,  ....  0) 

with  8^  a  ...  i  $s  >  0.  However,  for  i  »  1.  ....  s. 

«i  -  ch^B^C'C^B') 

-  ch£  (B'bJ jjjC'cJj j) 

»  «hi  (1x^12  ^22^21^  *  V 

Therefore. 

fi(»ll20  -  »2(>Z12c'cI21B') 

-  f2M 

-  f3(dj,  ....  6S) 

*  ^3(^1*  ••• * 

completing  the  proof.  □ 

In  fact,  various  authors  have  proposed  measures  of  association 
baaed  on  A*.  ....  A^.  For  example,  Zhang  (1978)  studies  the  following 
five  measures  of  association 

i)  •  l  X?/*  (arithmetic  mean) 

i-1 


and 


-  S  - 

(ii) 

i-1 1 

(geonetric  nean) 

(iii) 

.«  .  (f  x;2/.)-1 

i*l  1 

(harmonic  mean) 

(iv) 

»(,)  ■  X2 

(max 

Uiss  1 

(v) 

(5)  .2 

P  ■  A  • 

s 

(min  (X?» 
isiss 

It  is  clear  that  0  s  s  p^^  £  p^2^  s  p^2^  s  P^  ^  s  1*  Recently* 
Jupp  and  Mardia  (1980)*  in  a  study  of  correlation  for  directional  data* 

propose  to  use  0  as  a  measure  of  «sociation  whlch» 

of  course*  is  equivalent  to  p^^.  Now  we  are  in  a  position  to  propose 

a  general  class  of  measures  of  association  between  and  X^2\ 

2  2 
bftsod  on  X  j |  » * • i  ♦ 

DEFINITION.  Let  h  be  a  strictly  increasing  function  napping  (0,  l] 
onto  itself  such  that  h(0)  ■  0  and  h(l)  «  1,  and  let  g  be  a  strictly 
monotone  function  napping  (0,  1]  onto  [a,  b],  0  s  a  <  b  s  •*  such  that 
either 


i)  g(0)  ■  a  and  g(l)  *  b,  or 

ii)  g(0)  ■  b  and  g(l)  •  a. 

Then  a  generalized  correlation  coefficient*  Rj2(g,  W*  between  X^ 
and  X<2>  is  defined  by 

-Is  2 

R.,(g*  h)  •  8  l(l  CjglhCA*)])  if  s  >  0 

**  i«l  * 

■  0  if  s  ■  0 


2  2  —1  v i 

where  X‘,  ....  X*  are  the  nonzero  characteristic  roots  of  Iiili2^22^21 

s  s 

and  c{  H  with  J  c.  ■  1.  If  a  *  0  and  b  ■  •,  then  [  c{  ■  1  is  not 
i»l  1  i-1 

required. 

Note  that  the  set  C  of  all  such  generalized  correlation  coeffi¬ 
cients,  Rj2(g,  h),  characterizes  a  class  of  measures  of  association 
between  and  X^2\  A  generalized  correlation  in  C,  with  given  g 
and  h  functions,  possesses  the  following  desirable  properties: 

(1)  R^2(g,  h)  *  R2j(g»  **).  Th*s  ^olloW5  ^ro°  the  fact  that  the 

ith  largest  characteristic  root  of  I22  Z21  is  the  same  **  the 

ith  largest  characteristic  root  of  I-j^l^ll^*  1  *  l»  *•  Thus 
a  generalized  correlation  between  X^  and  X^  is  the  same  as  that 

M  M 

between  X*2)  and 

(2)  0  *  R12(g»  h)  *  1*  characteristic  roots  of  Ij}l12I2JZ21 
are  bounded  between  0  and  1.  This  implies  that,  for  i  ■  1,  ...,  s, 
h(X2)  c  [0.  1],  g[h(x2)]  e  [a,  b],  and  that  f  cig[h(xj)]  «  [a,  b]. 

■n»*»  g’^^^gfha2)}}  «  [0,  1]. 

(3) .  RJ2(g,  h)  ■  0  if  and  only  if  Jj2  *  0*  ^  Ij2  “  °*  then 

s  »  0  and,  by  definition,  Rj2(g,  h)  •  0.  Conversely,  if  Rj2(g,  h)  »  0, 
then  s  ■  0  and  0  ■  ^ii^l2^22^  *  This  implies  that 

^U^12^22  *  0  henc®  Zj2  *  °* 

(4) .  If  there  exists  a  p  *  q  matrix  H  of  rank  p  such  that 

,(»  .  ^((:)|  the||  >u(l)  h)  ,  !.  tt  X(1)  .  HX(2)  then  Ju  ■  hJjjH', 
I„  .  Hl22,  Md 


0 
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i^\  “  r*^r  u^-  mV  u^"^t 


&M£n  ’  ^22H'>  Hh2&22U'‘  CHX22H-)-lHl22H'  -  Ip. 

Thus  xj  -  * •  **^n  11  1-  'O'wefore  R12(g,  h)  -  g"1[g(l)  1  cj  ■  1. 

ip  **  imi  1 


(5)  R12(g»  h)  is  monotone  nondecreasing  in  each  X*,  i  ■  1,  . s 


Since 


g[R12(g.  h)]  -  Z^hlhCXj)]  , 


it  follows  that 


»R12(g,  h)/3X?  -  cig'[h(X?)]h'(Xj)/g'[R12(g,  h)]  *  0 
for  i  ■  1,  . . . ,  s. 

(6).  Rj2^®’  between  and  is  the  same  as  that  between 

(X^  X(1)  K  ^  (X<2>Y2>V  *or  m  x  1  and  n  x  1  uncorrelated 
random  vectors  and  which  are  uncorrelated  with  and 

Let  be  the  covariance  matrix  of  X^,  i  *  1,  2.  Define 

*  (X^  X(i)  )'*  i  ■  i»  2*  »*<*  let  I*  be  the  covariance  matrix 
of  (g*1^  g<2>  Partition  l*  into  (p  ♦  m)-  and  (q  ♦  n)-  rows  and 

columns  as 


* 

11 

r 

*12 

>* 

y* 

*22 

21 

where 


p*  ^ii  i  •  1  2 

■  »  1  l»  *■* 


0  ♦. 


*•*  ^12  ®  c*" 

!« *  .  0  ln 


-  8  - 


As  sum,  without  loss  of  genorality,  that  and  «j2  m  positive 
definite  natrices.  Then 


r*-l  r*  r*-lr*  . 
*11  *12*22  *21 


(^11^12^22^21 


0 


0 

0 


and  thus  the  nonzero  characteristic  roots  of  Ijj  1^22  ' ^21  sre  the 

sane  as  those  of  ZJ JZ12^22^21*  Ri2(g*  h*  between  2*l)  ««*  X(2) 

reaains  unchanged  when  the  subvector  is  augnented  by  an  uncorre¬ 
lated  vector  »  i  »  1,  2,  where  X^  and  X^  are  uncorrelated 
between  thenselves. 

Note  that  the  five  Measures  of  association  studied  by  Zhang  (1978) 
are  special  cases  of  R^(g*  h).  This  can  be  verified  by  properly 
identifying  the  g  and  h  functions.  For  example,  (1)  p ^  is  obtained 
by  letting  h(x)  ■  x,  g(y)  »  y,  and  c^  ■  1/s;  (ii)  is  obtained 
by  letting  h(x)  *  x,  g(y)  *  -Iny,  and  c^  ■  1/s;  and  so  on.  For  all 
of  the  five  measures,  the  h  function  is  always  the  identity  function, 
i.e. ,  h(x)  ■  x.  In  the  following  section,  we  will  present  two  mea¬ 
sures  in  C  where  the  h  function  is  not  the  identity  function. 


3.  MEASURES  BASED  ON  INFORMATION  NUMBERS 


In  the  previous  section,  a  large  class  C  of  generalized  corre¬ 
lations  between  and  X^  is  defined  without  specifying  the  joint 

distribution  of  and  so  long  as  J^(i,  j  ■  1»  2)  exist.  In 

the  remainder  of  the  study,  we  will  assune  that  X  has  a  (p  ♦  q) -variate 
normal  distribution  with  mean  vector  £  and  covariance  matrix  J.  Assume, 
without  loss  of  generality,  that  ■  0  and  partition  J  as  in  (1.1). 

Then  the  multivariate  multiple  regression  of  X^  on  X^  is  given  by 


i(1)  ■  US®  <3.i) 

Usually,  X^  is  used  to  predict  the  value  of  X^  and  the  precision 
of  such  a  prediction  may  be  evaluated  by  the  use  of  various  information 
numbers.  In  this  section  we  will  obtain  two  measures  of  association 
between  X^  and  X^>  which  are  members  of  the  general  class  C,  based 
on  the  Kullback  and  Matsusita  information  numbers  between  the  distri¬ 
butions  of  X(1)  and  X(1) * 

3.1  KULLBACK  INFORMATION  NUMBER 

For  ease  of  presentation,  let  ■  X^  and  let  fj(j)  and  f2(jt) 
denote  the  density  functions  of  X^  and  respectively  assuming 
£^2  *s  hill  rank.  Then  the  Kullback  information  number  between 
*(1)  and  Z ^  i*  given  by 


K(2,  1)  -  E2Un[f2(X)/f1(X)]> 

where  E2  denotes  the  expectation  taken  with  respect  to  the  distribu¬ 
tion  of  .  It  follows  that 


-  10  - 


«2,  1)  -  -«/2)&l|l;}l12I$2il  -  p/2  ♦  H/2)tr(I;‘l12r2JZ21) 

•  - (1/2)  I  {2»X?  ♦  1  -  »?). 
i-1  1 

Thus  a  measure  of  association  based  on  K(2,  1)  may  be  defined  as 


PK(2,1)  s  exPl"K(2» 

-  exp [(1/2)  l  (l»X2  ♦  1  -  kb) 
P  i-1 

•  n  ©xp[(l/2)tf»X2  ♦  1  -  X?)]. 
i»l  1  1 

This  is  a  member  of  C  as  can  be  verified  by  taking 


h(x)  »  exp(Znx  ♦  1  -  x) 
g(y)  -  -iny 

and  c^  »  1/2,  i  ■  1,  ...,  p. 

3.2.  MATSUSITA  INFORMATION  NUMBER 
The  Matsusita  information  number  between  and  is  de- 
fined  as 


M(2,  1)  s  /  [fj(*)  -  f!f  (X)]2djc 


-  2U  -  /plf^f^jcjpdjc} 

where  R**  denotes  the  p-dimensional  Euclidean  space.  It  can  be  shown 
that 


2X, 


1  ♦  XI 


Thus  a  measure  of  association  between  and  based  on  M(2,  1) 


-  11  - 


nay  be  defined  as 


Taking 


PM(2,1)  B  1  -  U/2)M(2.  1) 


P 

n 

i-l 


2K 


1  ♦  K 


h(x) 


1  ♦  x 


g(y)  *  -In y 
and 

«  1/2,  i  •  I,  ....  p, 

it  is  easily  seen  that  p,,,_  is  a  generalized  correlation  in  the 
class  C. 

More  measures  of  association  between  and  may  be  ob¬ 
tained  using  other  information  numbers  in  the  sane  manner  as  those 
presented  above. 


4.  MEASURE  BASED  ON  COEFFICIENT  OF  ALIENATION 


Finally,  in  this  section,  we  will  propose  a  special  generalized 
correlation  in  C  through  the  use  of  the  vector  coefficient  of  aliena¬ 
tion.  This  is  a  direct  generalization  of  the  square  of  the  Pearson 
correlation  between  two  normal  random  variables.  More  specifically, 
let  (Xj,  X2)'  have  a  bivariate  normal  distribution  with  mean  vector 
0»1»  u2)'  and  covariance  matrix  J  »  (o^),  i,  j  •  1,  2.  Then  the 
coefficient  of  alienation  is  given  by 


Var(XjJx2)  cu  -  Oj2/o22 
Var(Xj) 


2 

P 


where  P  is  the  Pearson  correlation  between  and  X^.  In  the  case 
of  two  subvectors  and  ]C^ ,  the  vector  coefficient  of  alienation 
is  given  by  [see,  e.g.,  Anderson  (1958),  p.  244] 


^12^22^21^  s  2 

- H  (1  -  X?)  (4.1) 

111  i-1 

where  Xj,  ...»  X*  are  the  nonzero  characteristic  roots  of  Iiili2^22^2r 
Thus  a  measure  of  association  between  X^  and  X^,  based  on  (4.1), 
may  be  defined  as 


s 

pw  ■  i  -  n  (i  - 
"  i«l 


t 


or,  equivalently,  as 
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p  2 

l  -  n  (i  -  xp 

i-l  1 


(4.2) 


siwe  Xs+1  -  ...  -  Xp  .  0. 

Taking  h(x)  ■  x,  g(y)  »  -ln(l  -  y),  and  »  1,  i  ■  1,  ...»  p, 

it  follows  that  pm  is  a  generalized  correlation  in  the  class  C  and 
hence  enjoys  all  of  the  properties  discussed  in  Section  2.  Further- 
no  re,  because  of  the  special  choice  of  the  g  and  h  functions,  property 
(4)  nay  now  be  strengthened  for  pw  as  follows: 

(4')  pw  «  1  if  and  only  if  there  exists  a  e  Rp  and  £  e  R®1  such 
that  fc'X*1*  ■  and  s  2  1.  The  fact  that  o'X(1)  •  e'X(2J  is 

MM  M  MM  MM 

equivalent  to  the  first  canonical  correlation  Xj  being  1;  this,  in  tun, 
is  equivalent  to  p^  ■  1. 

We  now  turn  to  the  statistical  inference  on  the  relationship  be¬ 
tween  J^and  This  will  provide  a  further  justification  for 

proposing  the  use  of  as  a  reasonable  measure  of  association  between 

s°W2). 

Let  Xj,  ...»  Xjj  be  a  sample  of  size  N  from  N  (ja,  J)  and  let 


A  -  ®'> 

_  N 

where  X  *  (1/N)7  X. .  Partition  A  into  p-  and  q-  rows  and  colunns  as 
~  k-1 

»  .  fAll  A12 
*21  *22  * 

It  is  well  known  that  the  maximum  likelihood  estimator  of  is  given 


by  (l/N)Ajj ,  i  ■  1,  2,  and  hence  a  natural  estimator  for  R12(g,  h) 
is  given  by 

A 

R12(8.  h)  ■  «'l<!  cig[h(xj)]>  (4.3) 

i-1  x  x 

“2  *2  1  -1 
where  AJf  . ..,  A-  are  the  nonzero  characteristic  roots  of  ^^2*22*21  ’ 

*  A  A 

s  is  the  rank  of  A12,  and  C ^  is  a  function  of  s.  Since  (l/NjA^  -*• 

(i,  j  ■  1,  2)  in  probability  as  N  +  •,  it  follows  that  A*  ■*■  A2, 

A  A  A 

*  ■*  *»  ♦  c^  and  that  R22(g»  ^  ♦  R^CS*  b)*  in  probability,  as 

N  ■+■  «*.  In  particular,  a  natural  estimator  for  is  given  by 

PW  -  1  -  n  (1  -  Aj),  (4.4) 

"  i«l  1 

*2  “2  -1  -1 
where  A‘,  ...,  A^  are  the  characteristic  roots  of  RuAj2A22*21’  More" 

over,  the  estimator  given  by  (4.4)  is  a  function  of  the  Wilks  likeli¬ 
hood  ratio  statistic  |a|/(|a^|  |  A^2 1 )  for  testing  the  hypothesis  of 
independence  between  and  X^ ,  i.e.. 


pw 


!  lAl  # 

I A11 1  1*22^ 


(4.S) 


When  N  is  sufficiently  large,  the  null  distribution  of 

A 

-[N  -  1-  (p  +  q  ♦  l)/2]Zn(l  -  p^)  may  be  approximated  by  a  chi-square 
distribution  with  pq  degrees  of  freedom  which  is  customarily  used  as  a 
step-down  procedure  for  the  test  of  significance  on  the  canonical  corre¬ 
lations  between  and  X^.  After  the  effects  of  the  first,  second, 
...»  nth  (m  4  p  -  1)  canonical-variate  pairs  have  cumulatively  been 


removed,  we  may  define  a  "remaining"  generalized  correlation  coefficient 


between  and  )C*2*  as 


-  15  - 


pW(n4l,...,p) 

end  its  natural  estimator  as 

A 


P  2 

l  -  n  (i  -  a?) 

i-n*l  1 


p  •) 

-  n  (i  -  xf) . 

i««4l  1 


(4.6) 


(4.7) 


Since  -[N  -  1  -  (p  ♦  q  ♦  l)/2]ln[l  -  •>*(*♦!,...  fP)l  is  asyaptoticslly 
distributed  as  x*  with  (p  -  a)(q  -  n)  degrees  of  freedon  when 
it  nay  be  used  to  test  whether  a  significant  relationship  still  exists 
between  and  after  the  effects  of  the  first  n  canonical- variate 
pairs  have  been  reaoved.  In  the  canonical  correlation  analysis,  there 
are  other  test  procedures  available.  For  exanple, 

(i)  Lawley-Hotel ling's  trace:  f  [X2/(l  -  X*)]  (4.8) 

and 


(4.9) 


i»l 


(ii)  Filial 's  trace:  J  xf  . 

i«l 

Based  on  (4.8)  and  (4.9),  generalized  correlation  coefficients,  which 
are  neabers  of  the  class  C,  nay  be  obtained.  However,  they  are  not 
as  intuitively  appealing  as  ,  which  is  discussed  above. 
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Canonical  correlation;  Coefficient  of  alienation;  Information  number.  Invariant 
with  respect  to  a  linear  transformation;  Measure  of  association. 
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lock  number) 


mi-*  r  2  v 

Let  X  ■  (X  Xw  )'  be  a  (p  +  q) -variate  random  vector  (p  2  1,  q  2  1)  with 
EX  *  J)  and  EXX",  *  J  >  0.  Partition  J  into  p-  and  q-  rows  and  columns  such 
that  EQC^X^  )  ■  £^(1,  j  *  1,  2).  Let  Xj,  ...,  X2  be  the  nonzero  characteris¬ 
tic  roots  of  Ijjli2^22^21  where  8  *s  the  rank  l\2'  Bftsed  on  thes®  roots,  a 
class  of  generalized  correlation  coefficients  between  and  are  obtained. 
Some  optimal  properties  of  a  generalized  correlation  coefficient  in  the  class 
are  presented.  Among  various  special  cases,  two  information  number  related 


20.  ABSTRACT  continuation 

coefficients  are  derived.  However,  an  attractive  generalized  corre- 

P  2 

1 at ion  coefficient  is  given  by  p„  ■  1  -  n  (1  -  A.)  which  is  derived 

W  i»l  1 

from  the  vector  coefficient  of  alienation.  A  justification  for  the 
use  of  pw  is  also  included. 


